The possibility of a drastic reduction of electron repulsion and nuclear attraction integral evaluations occurring in non-empirical quantum chemical orbital methods of Hartree-Fock and configuration interaction type is discussed. Simplification schemes are proposed and examined in consideration of useful numerical applications.
Introduction
In order to extend the applicability of non-empirical quantum chemical methods expanding delocalized orbitals of molecules and stereoregular crystals as a linear combination of atomic basis functions, we revive a discussion mainly held in the sixties and seventies about the possibility of neglecting small integral values occurring in numerical calculations of electronic states and their energies with only little loss of accuracy [1] .
Within the Born-Oppenheimer picture of fixed nuclear positions any procedure of such kind is based on the evaluation of four different types of integrals over some finite number N 0 of atomic orbitals {0>-/? M )|M=l,2,...,iV a ;/ieM} localized at N a atomic centers [2] . Here, r is the vector of the electronic coordinates (x, y, z), and R M denotes the position vector of atom M to which all orbitals with index p belong (notation: p e M). For convenience, all these atomic orbitals are taken to be real.
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, (1) M,N = \,2,N a , peM, veN, Note that repulsive three-and four-center interactions vanish completely. Application of the NDDO scheme on the one-electron attraction integrals of order N 2 N a will lead (among others) to the neglect of all attractive three-center interactions:
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In contrast to the CNDO scheme (complete neglect of differential overlap) [3] , which cannot adequately differentiate between the interactions of two electrons with parallel and antiparallel spins, NDDO is also appropriate for the unrestricted Hartree-Fock treatment (UHF) of open-shell systems [2, 3] . Moreover, since the surviving integrals depend only on the nature of the atoms to which the orbitals belong and not on the orbital type, they all are invariant with respect to rotations of the coordinate system [3] .
It turns out, however, that the application of NDDO is particularly well suited for symmetrically (Löwdin-)orthogonalized [2] Mainly two paths lead to some justification of the NDDO approximation:
• The second order binomial expansion of the symmetrically orthogonalizing (Löwdin) matrix [4] or related approaches [5] and • the Ruedenberg expansion technique [6] starting from complete basis sets on each atom [7] .
A brief survey of all attempts to rationalize the NDDO scheme (together with some critical re-examinations) can be found in Chandler's and Grader's paper [5] . Because of the convergent nature of their expansion method, these authors also claim the formal correctness of their analysis. Assuming an atomic orbital </>-basis which is already locally orthogonalized on each center, they conclude, similarly to the earlier work of Brown and Roby on this subject [4] :
1. Sums of kinetic energy and all corresponding nuclear attraction energy integrals over atomic orbitals of the original (0-)basis cannot be identified in their entirety with those of the symmetrically orthogonalized (Löwdin) basis. In our notation:
A A M,N=l,2,...,N a , peM; veN.
2. Concerning the evaluation of electron repulsion integrals, the NDDO approximation has some justification within the /.-basis [8] : Exceptions of this statement may arise for three-center integrals involving interactions between a one-center distribution and a two-center distribution. 3. Furthermore, surviving non-zero repulsion integrals over the symmetrically orthogonal A-basis orbitals can be roughly identified with those of the atomic </>-basis:
Some kinds of one-and two-center repulsion integrals, however, may fail to satisfy (12) to the desired degree of accuracy. Such discrepancies from the general rule gave rise to the introduction of corresponding scaling factors which were expected to the better determined by a careful analysis [5] rather than by comparison with some selected ab-initio results [10] .
Simplified Integral Evaluation
Referring in parts to the results of the analysis summarized above, we are now in a position to sketch a conceptionally simple integral approximation scheme:
As long as integral evaluations can be performed only for a given set of atomic {(f)-basis) orbitals but not directly within the /-basis we cannot profit from result (11) alone, since the full integral transformation of non-zero NDDO-surviving /-basis repulsion integrals according to Using result (12) , however, these non-zero NDDOsurviving A-basis repulsion integrals may be identified directly with those of the 0-basis. It is reasonable to assume such an equality to be valid at least for repulsive long-range interactions between two centers M and N with \R M -R N \ > D r , specified by a distance parameter D r .
The simplified repulsion integral set (indicated through a superscript s) over symmetrically orthogonalized orbitals is then obtainable from the corresponding NDDO-surviving 0-basis repulsion integral set without performing the full integral transformation (13):
/i,veM; Q,aeR.
If, however, we assume (12) not to be valid for integrals over orbitals localized at two near-neighbor atoms M and N with |/? w -R N \ < D r , an at least approximate integral transformation is unavoidable. The 0-basis repulsion integrals of NDDO type then have to be determined implicitly by an approximate expression. Using Mulliken s approximation
[11] for this purpose in the form M, N =1,2,..., N a ,
we obtain for the simplified short-distance and one-center repulsion integrals
e'e R' \RR' -Rs \<D r a'eS' An equivalent formula can be developed, using instead of (15) The distance parameter D r in (14), (16) and (18) controls the level of sophistication. A big D r implies that the simplified transformation includes even small long-range interaction. If, on the other hand, D r is chosen to be zero, then the simple equality (14) will be applied to repulsive short-range and one-center interactions as well, instead of (16) or (18) . A practical choice of D r will ensure that the transformations (16) or (18) will be performed only for NDDO-surviving integrals over next-neighbor atomic orbitals, thereby taking only next-neighbor interactions with considerable overlap into account. According to the result (10), on the other hand, the kinetic matrix ^K as well as the attraction matrices \A = i, 2,..., N a } have to be transformed accurately into the symmetrically orthogonalized basis
However, in order to compensate the effect of neglecting repulsive contributions and to get rid of all three-center one-electron integrals too, we introduce equivalent simplifying assumptions (again indicated through a superscript s) concerning the evaluation of nuclear attraction integrals. Again using Mulliken's approximation, we obtain
Using Ruedenberg's approximation, instead we get
Again, the distance parameter D a for attractive interactions defines the environment in which 0-basis orbitals are expected to overlap considerably. In all other cases, the much simpler following equality will be used: 
Atomic Orbital Bases
We consider a real all-electron minimal basis set of atomic Slater-type orbitals /, | m £) | j = 1,2,..., N 0 } [13] each characterized by the three quantum numbers n, /, and m, and the orbital exponent Since, according to the equations of the preceding paragraph, only one-center and two-center integrals have to be evaluated, a basis set of atomic Slater-type orbitals (STO) seems to be more adequate than an equivalent contracted set of Gaussian-type orbitals (GTO) (cf. [2] ):
• In contrast to Gaussian functions, orbitals of Slater type show a qualitatively correct shape in the vicinity of their atomic centers as well as far away from them.
• We cannot profit by the main advantage of Gaussian functions, namely that evaluations of threeand four-center integrals can be reduced to calculations of one-and two-center integrals only.
An all-electron basis set is considered in order to keep our approach conceptionally simple. In this case, no further assumptions, like the frozen-core approximation, have to be made. In particular, such an approach seems to be justified for the second period elements Li, Be, B, C, N, O, and F, where only one Is Slater-type orbital per atom has to be handled additionally.
Within an ordinary all-electron minimal basis set of Slater type not all atomic orbitals are orthogonal to one another [13] . Since a contamination of inner shell orbitals by admixtures of valence orbitals "has a disastrous effect on the energy" [10] in simplified quantum chemical calculations a locally orthogonal atomic orbital basis of Slater type may be preferable, such that atomic orbitals of higher principal quantum numbers are successively orthogonalized against their next inner shells by means of the Schmidt procedure [14] . Alternatively, symmetrically orthogonalized atomic orbitals can be used, available through N a local Löwdin orthogonalizations [2] .
By inspection of (14), (16), (18) , and (21), (22), (23) it becomes apparent that no approximations at all will be introduced into the evaluation of one-center integrals whenever a locally orthogonalized atomic orbital basis is used. Consequently, the described simplifications then have no effect in any quantum chemical orbital method applied on atoms.
Because the integrals needed in any simplified procedure originally have to be evaluated within a basis of ordinary Slater-type orbitals (/-basis), the use of an all-electron basis set of orthogonalized atomic Slatertype orbitals (0-basis) requires local transformations of all /-basis orbitals belonging to the same atom. The square N 0 x N 0 transformation matrix X L which performs such local orthogonalizations has only few nonzero elements. It attains a block-diagonal form whenever a suitable orbital sequence has been chosen. The overlap integrals of the orthogonalized 0-basis then are obtainable from those of the ordinary Slatertype /-basis through
ji'eAf M,N = 1, 2, ...N a , peM; veN.
Equivalent formulas hold for the kinetic energy integrals and the surviving nuclear attraction inte- The matrix *L is available from *S by the standard numerical Schmidt [14] or Löwdin procedure [2] , respectively. It should be stressed, that the transformation (27) is only feasible at moderate expense, because the transformation matrix *L is sufficiently sparse. Of course, an application of the original (in parts non-orthogonal) Slater-type atomic orbital set does not require any local transformation at all, i.e. *L = 1 in this case.
Practical Considerations
For the determination of integral values over ordinary (/-basis) atomic orbitals of Slater type needed in our simplified approach we make use of the FOR-TRAN program DIATOM [15] available at QCPE [16] , which produces all non-redundant one-center and two-center integrals using different local coordinate systems for different pairs of atoms [17] . The transformation of these diatomic integrals into the global coordinate system is described in [18] . Subsequently the /-basis diatomic integrals have to be locally orthogonalized by means of the Schmidt or Löwdin procedure [14, 2] (cf. (24), (25), (26), and (27)).
The (global) symmetrical (Löwdin) orthogonalization will be performed as follows [2] : Diagonalization of the positive definite overlap matrix ^S by means of standard numerical algorithms [20] ^U u S^U = s
yields an orthogonal (column-)eigenvector matrix ^U as well as the corresponding diagonal matrix s of positive eigenvalues. By taking the inverse square root of each eigenvalue in s we get the diagonal matrix that can be "undiagonalized", whereby we finally obtain the desired matrix
Local Löwdin orthogonalizations will only include the orbitals of each center separately.
Illustrative Examples
In order to gain some insight into the nature of the integral approximations of Section 3, and to illustrate what can be expected from them, we first list all nonredundant 0-basis repulsion and attraction integral values occurring in a minimal basis set description of the hydrogen molecule with one Is atomic orbital (£ = 1.2) centered on each of both nuclei. The experimental equilibrium bond length used as fixed interatomic distance R is 0.742 Ä (1.402 a.u.) [21] . Local orthogonalizations are inapplicable in this case, and there is no difference between Mulliken's and Ruedenberg's approximation. The only overlap integral value then is S 12 = S 2 1 = 0.674.
Though an explicit four-index transformation of all 0-basis repulsion integrals into the /-basis according to (13) is self-prohibitory in general, it may be quite instructive to see the effect of symmetrical orthogonalization on the integral values of interest in the special case of our minimal basis H 2 example with only 16 repulsion integrals. Furthermore, a back-transformation of the simplified /-basis repulsion integrals into 
The list of kinetic energy integrals in Table 3 , however, shows that there is no way to apply the NDDO approximation scheme here. Fortunately, these few integrals are easy to evaluate, so that their exact transformation according to (19) causes no problems.
Although the full transformation (13) of </>-basis repulsion integrals into the /-basis should be excluded in general, it may be carried out for a few simple cases of diatomic molecules, where all integral values over Slater-type atomic orbitals are easily obtainable. As a criterion for the validity of our simplifications, in Tables 6 a, 6 b, 6 c and 7 a, 7 b, 7 c we list the quadratic means 0 (T r , A <r r , <t> a a , and V a for three sets of simplified repulsion and attraction integral differences from the corresponding true integrals values:
Total numbers iV 0 of atomic basis functions, interatomic distances R in Ä and atomic units (a.u.), and Slater orbital exponents ( can be taken from Tables 4  and 5 , respectively. From inspection of Tables 6a-c and 7a-c we conclude:
• Repulsion integral evaluations in general can be simplified with higher fidelity than nuclear attraction integrals.
• Identical results will be obtained for any locally orthogonalized basis set if 0 ^ {D r , D a } ^R.
• With the exception of the H 2 molecule, there are no improvements to be expected from choosing D r > 0 and D a > 0, whenever locally orthogonalized basis sets are used.
• Best results will be obtained with ordinary (in parts non-orthogonal) Slater-type atomic orbitals, choosing D r > R and D a > R and using Mulliken's approximation. Only in this case extensions of D r and D a yield considerable improvements. Compared to locally orthogonalized basis set results with D r = 0 and D a = 0, however, these improvements may be regarded as negligible (again with the exception of the H 2 molecule).
As a quintessence of our study we state: With the simple distance parameter choice D r = D a = 0 and locally orthogonalized basis sets we hope to obtain an acceptable agreement between simplied repulsion and attraction integrals and their corresponding true values.
Summary
The main features of the proposed simplified integral evaluation procedure are: • The approximation scheme is completely non-empirical, retaining the rotational invariance property.
• Application of the NDDO approximation is considered for the evaluation of repulsion and attraction integrals only.
• All complicated three-center and four-center integrals vanish completely. The number of integrals to be calculated and stored is drastically reduced.
• Non-vanishing long-range repulsion and attraction integrals over symmetrically orthogonalized Löw-din orbitals are identified directly with those of the original basis.
• For the evaluation of non-vanishing repulsion and attraction integrals between near neighbors a greatly simplified transformation may be considered, using Mulliken's or alternatively Rueden- • All remaining one-and two-center one-electron and two-electron integrals can be easily evaluated within an all-electron basis set of ordinary Slatertype atomic orbitals, possibly followed by local orthogonalizations.
• Using different orbitals for different spins (DODS), the simplified integral evaluation scheme is also appropriate for the treatment of open shells.
